ABSTRACT A robust nonlinear path following control scheme is proposed for the underactuated marine surface vehicle (MSV) under the condition of the unknown time-varying sideslip, time-varying error constraint, actuator saturation, and unknown compound disturbances including external environment disturbance and model uncertainties in this paper. First, integrating the time-varying barrier Lyapunov function and sideslip observer, an error-constrained and sideslip observer based line-of-sight (ECS-LOS) guidance law is established. The ECS-LOS guidance law can calculate the desired heading angle, estimate the time-varying sideslip angle, and deal with the error constraint problem. Second, the robust path following controller is developed via dynamic surface control technique to achieve attitude tracking and velocity tracking control. The unknown compound disturbances are estimated by means of disturbance observer and the actuator saturation is compensated by the auxiliary function. Stability analysis proves that the tracking error of MSV can converge into a small neighborhood around zero and the constraint requirements on the vessel position are not violated during operation, while guaranteeing all states in the closed-loop control system are uniformly ultimately bounded. In the end, simulation studies and comparisons are carried out to demonstrate the validity of the proposed control approach.
I. INTRODUCTION
In the past years, the path following problem of the marine surface vessel has become one of the research hotspots [1] - [6] . The path following control problem is defined as that designing controller such that the vessel reach and follow prescribed path independent of time constraints [7] . One of the pivotal ingredients of the path following is the guidance law, which attempts to obtain reference signal by addressing path information for the successive controller design. The classical guidance approaches comprise the line-of-sight (LOS) guidance, pure pursuit (PP) guidance, and constant bearing (CB) guidance [8] . To be specific, the LOS guidance law is a promising algorithm and has been extensively applied in marine vessels to tackle practical path following problem due to its simplicity and intuitiveness: it imitates the helmsman to drive the vehicle approaching a point lying at some distances in front of vessel along the prescribed path.
In spite of the simplicity and validity of the LOS guidance method, it still has disadvantage when vessel suffers from external environmental disturbances. This is due to the fact that the vehicle is exposed to variations in sway direction, thus leads to a nonzero sideslip angle during path following process. It is a challenging issue to keep the path-following performance under the effect of a sideslip state because the underactuated vehicle has no direct control force in the sway direction [9] . In order to solve the sideslip problem, some researches have been carried out. The literature [10] proposed the adaptive controller with integral guidance law and the adaptive law was employed to estimate the unknown sideslip angle, yet sideslip angle was regarded as unknown constant. Nevertheless, the time-varying disturbances caused by changing constantly marine environment will give rise to time-varying sideslip angle for underactuated MSV during the marine operations. What's more, even though the external disturbances acting on the vehicle are changeless, the sideslip angle would also be time-varying if the vessel navigates on a curvilinear route. In view of this problem, based on the predictor, the LOS guidance method was presented for underactuated MSV's path following in [11] , where the predictor was used for compensating the time-varying sideslip angle. In literature [12] and [13] , the reduced-order extended state observer (ESO) was employed to identify the time-varying sideslip angle based on the LOS guidance law. In addition, the time-varying sideslip angle was also estimated by the finite-time sideslip observer (FSO) in [14] and [15] .
Unfortunately, it should be pointed out that the above LOS guidance methods didn't take into consideration the error constraint. Nevertheless, it is indispensable and meaningful for vehicles to study the path following issue with error constraint. In practical operation, the vehicle's route should be limited strictly in both sides of the channel. Error constraint can ensure that the surface vessel is protected from collision hazards and greater security is further provided. In addition, there are some researches on tackling the output constraint problem at present, where the barrier Lyapunov function (BLF) method could handle commendably the output constraint problem to avoid the necessity to explicit solution. The time-varying BLF method was used to investigate the time-varying output constraint issue in [16] and this method has been extended into the MIMO system [17] . What's more, the above theoretical approach on output constraints has been used widely in practical applications like multiroto systems [18] , [19] and surface vehicles [20] - [22] . Besides, the actuator saturation is inevitable in the vehicles' operation mission and the controller should also be designed to be reliable and robust enough when actuator is suffering from saturation. If the signals calculated by controller exceed the physical limitations (maximum or minimum force and moment) that the actuators can produce, the actuator saturation problem happens as the actuator can only perform within certain limits. The actuator saturation has unfavorable e?ect on the performance of the control system even bring about the instability of system. In order to compensate the adverse effect of actuator saturation, some research attempts have been done in [23] - [25] for underactuated surface vessel control. It should be point out that input constraint, output constraint, and time-varying sideslip issue are very crucial for underactuated MSV's high-accuracy tracking. However, the output constraint or input constraint was considered separately in [20] and [23] - [25] , and the literature [21] and [22] considered the input and output constraint simultaneously, yet sideslip issue was not involved in [20] - [25] . That is to say, the aforementioned works rarely consider the time-varying sideslip, error constrain, actuator saturation and unknown compound disturbances including the external environment disturbance and model uncertainties simultaneously.
Motivated by above considerations, a robust nonlinear path following control scheme for underactuated MSV is presented to deal with unknown time-varying sideslip, time-varying error constrain, actuator saturation and unknown compound disturbances simultaneously. The main contributions of this paper are as following: 1) Different from the traditional LOS guidance law, the proposed ECS-LOS guidance law can tackle time-varying sideslip and time-varying error constraints simultaneously by introducing sideslip observer and time-varying barrier Lyapunov function. In contract to literature [21] , the proposed guidance law is relatively simple and can compensate the time-varying sideslip.
2) The auxiliary function is employed to handle the actuator saturation avoiding the physical limitations of actuator.
3) In the control design process, the controller design and disturbance compensation can be separated, namely, control performance and robust performance against disturbance can be separated. Since the simplicity and effectiveness of disturbance observer, the disturbance observer is wisely integrated into the control design to compensate the unknown compound disturbances without the need for explicit knowledge of the bounds, achieving the accurate path following.
4) It is proven that all states of closed-loop control system are uniform ultimately bounded by using the proposed control scheme. The simulation studies and comparisons are carried out to demonstrate the validity of the proposed control approach.
The rest of the paper is organized as following: The problem formation is introduced in Section II. The path following guidance subsystem is put forwards in Section III, which includes sideslip angle estimation and guidance law design. The controller design and stability analysis are formulated in Section IV and Section V, respectively. Section VI investigates the simulation studies and comparisons to explain the validity of the proposed control method. Finally, the conclusion is drawn in Section VII.
II. PROBLEM FORMATION A. MODEL OF UNDERACTUATED MARINE SURFACE VESSEL
Based on literature [8] , the kinematic and dynamic equations of the underactuated MSV are designed. The kinematics model on the horizontal surface is as follows:
where (x, y, ψ) denote the surge position, sway position and yaw angle of MSV with respect to inertial-frame. (u, v, r) are the surge, sway and yaw velocity with respect to the body-fixed frame.
To facilitate the control design, a reasonable assumption is required as follows [15] . 
. τ u and τ r are the surge force and yaw moment of actuator. In fact, due to the physical limitations of actuator, the control force and moment can be described as following:
where τ i max and τ i min are the upper and lower bound that the vessel's actuator can provide, respectively. τ cu and τ cr are the required control by the control law without considering actuator saturation.
B. PATH FOLLOWING ERROR DYNAMIC OF MSV
The path following problem of uneractuated MSV is built in Serret-Frenet (SF) frame depicted in Fig.1 as following [4] . The underactuated MSV follows a prescribed geometric curved path S, P p (θ ) is the moving point on the given path with path parameter θ to be followed and the center of mass of the MSV is located at P. Let (x e , y e ) represents the coordinate of P in the SF frame, where x e denotes the along-error and y e denotes the cross-error.
Let the position and course angle of the underactuated MSV denoted by P = (x, y, ψ w ) in inertial-frame as depicted in Fig. 1 , and let the position and yaw angle of the moving virtual target on the path denoted by P p = x p (θ ), y p (θ ), ψ p in inertial-frame. The path tangent angle is defined as ψ p = a tan 2 y p (θ ), x p (θ) with x p = ∂x p (θ ) ∂θ and y p = ∂y p (θ ) ∂θ . The path following error built in the SF frame can be expressed as Taking time derivatives of (4) along (2), the path following error dynamics in the SF frame can be acquired as follows:
where U = √ u 2 + v 2 denotes the total velocity of the vehicle, and it is assumed that the total velocity has a maximum value U max , i.e. U is bounded. β = a tan 2(v, u) is the sideslip angle and very small in practical application [10] . It means that there exists a positive constant β * such that |β| ≤ β * . It should be noted that the sideslip angle β represents derivation between the heading and the course angle of MSV, is usually unknown in reality. ψ w = ψ + β is the vehicle's course angle.
In addition, the output constrain or error constraint problem of path following should be considered when the surface vessel navigates in a narrow channel.
Based on the above statement, the control target of this paper can be illustrated as following: For the underactuated MSV depicted by (1) and (2) subject to the unknown time-varying sideslip, actuator saturation and error constraint in the presence of unknown compound disturbances including the model uncertainties and external disturbance, the control target of this study is to design a guidance law for the desired yaw angle ψ d and the tracking control law with actuator saturation for the force τ u and the moment τ r such that the vessel follow a predefined path and maintain a redefined constant surge velocity u d ≥ u min > 0, while all signals are guaranteed uniformly ultimately bounded in the closed-loop control system. In addition, the path following errors can converge into a small neighborhood around zero and the constraint requirements on the vessel position are not violated during operation, i.e. |x e | < k x (t), |y e | < k y (t) for ∀t > 0, where k x (t), k y (t) are differential and positive time-varying error constrains.
C. PATH FOLLOWING CONTROL SCHEME
The path following control scheme is composed of three parts: (1) guidance subsystem; (2) attitude tracking controller; (3) velocity tracking controller. The path following control algorithm is based on the DSC technique. The block diagram of the controller is shown in Figure 2 . 
III. GUIDANCE SUBSYSTEM A. SIDESLIP ANGLE ESTIMATE
Furthermore, it should be noted that it is difficult and expensive to measure the sideslip angle in many real cases. As previously mentioned, although the sideslip angle is relative small, it largely destroys the path following performance of the vessel, and if not be compensated properly, this lead to large deviations from the redefined path. Consequently, it is of importance for obtaining a good estimation of the sideslip angle for the sake of achieving accurate path following control under the condition of compounded disturbance including the model uncertainties and external disturbance.
Rewrite path following error dynamics:
Note that cos β ≈ 1, sin β ≈ β, then equation (6) and (7) becomė
Let φ = U cos(ψ − ψ p )β, φ contains the unknown time-varying sideslip angle β, a sideslip observer is designed as follows:
where p denotes the auxiliary state of the observer, k > 0 denotes the observer gain,φ is the estimation of φ. The initial value of observer isφ(t o ) = 0 by taking p(t o ) = −ky e (t o ).
Hence, the estimated value of sideslip angle can be calculated byβ
Assumption 2: There is a positive definite constant φ * such that φ satisfies
The estimation error of the sideslip angle is defined asφ = φ −φ whose derivative according to (10) can be expressed aṡ
Theorem 1: Consider the sideslip observer (10) for system (12) , if the Assumption 2 is satisfied, then we have the estimation error is bounded.
Proof: Solving the equation (12), we can obtaiñ
where C * is the bound ofφ(0) satisfying φ (0) ≤ C * . Since
e.φ is bounded. Due to the Assumption 2 andφ = φ −φ,φ is bounded. And U is bounded in Section II, thus, the sideslip estimationβ and estimation errorβ = β −β are also bounded. The theorem 1 has been proved.
Consider the Lyapunov function candidate
The derivative of V 1 with respect to time is as follows:
The result in (15) will be used for the stability analysis of the whole control system in Section V.
B. GUIDANCE LAW DESIGN
The guidance law is employed to calculate the desired yaw angle ψ d and the path parameter update lawθ . Define the time-varying Barrier Lyapunov function candidate as follows:
where
The derivative of V with respect to time is as follows:
Substituting (8) and (9) into (17), we havė
Note thatψ p =θ R, where R =
e y e k 2 y −y 2 e and design the parameter update law and the desired yaw anglė
Solving the equation (23), we can obtain the positive feasible solution of δ y as follows:
Assumption 3:
The heading autopilot can track the desired guidance angle ideally such that ψ = ψ d [13] .
Substituting (20), (22), (23), (25) and (26) into (19),we havė
The result in (27) will be used for the stability analysis of the whole control system in Section V.
IV. CONTROLLER DESIGN A. ATTITUDE TRACKING CONTROL
In this subsection, the attitude tracking controller τ r is designed to follow the desired yaw angle ψ d . The unknown compound disturbance acting on the vessel are estimated and compensated by the disturbance observer. The design procedure comprises two steps based on the DSC method.
Step 1: Let the yaw tracking error be the first dynamic surfaceψ, namely,ψ
Then the derivative of dynamic surfaceψ becomeṡ
r d is regarded as a virtual control to stabilize dynamic surfaceψ:r
where k ψ is positive design parameter. Note thatψ = r −r d can be taken as the second dynamic surface, but calculating the derivative ofr d that needed at the subsequent design step can result in explosion of terms. DSC method avoids additional terms owing to differentiation via passingr d through a first-order filter r d with a small positive time constant a 1 , i.e.
Define the output error of this filter as y 1 = r d −r d , and it yieldsẏ
d denotes a continuous function and its maximum value is B 1m . Now, r d acts as the estimation ofr d and will be adopted in the next design step.
Step 2: Define the second dynamic surfacer 
In order to stabilize the dynamic surfacer, the final attitude tracking control law is designed as follows:
where k r > 0 is the design parameter. In order to handle the adverse effect of actuator saturation(3), an auxiliary function is introduced as follows:
where k δ r > 0 and b r > 0 are the design parameters, τ r = τ r − τ rc . Therefore, the attitude tracking controller with input saturation can be written as 
Taking the time derivative of V ra along (29), (30), (32) 
Substituting (43)- (48) into (42), we havė 
The result in (49) will be used for the stability analysis of the whole control system in Section V.
B. VELOCITY TRACKING CONTROL
In subsection, the path following velocity controller τ u is designed to follow the desired surge velocity u d . The unknown compound disturbance acting on the vessel is estimated and compensated by the disturbance observer. Since only one dynamic surface needs to be stabilized, the design procedure comprises only one step. Let the velocity tracking error be the dynamic surfaceũ, namely,ũ
where u d is regarded as the desired surge velocity.
The derivative of dynamic surfaceũ becomeṡ
Design the disturbance observer to provide the estimation for the compound disturbance d u . The disturbance observer for d u is designed aŝ
where,d u is the observation of the disturbance d u , p 2 is the state of the disturbance observer, k 4 is the observer parameter. Define the observation error of disturbance observer asd u = d u −d u and the dynamic of disturbance observer is as follows:
In order to stabilize the dynamic surfaceũ, the final velocity tracking control law is designed as follows:
where k u > 0 is the design parameter. In order to handle the adverse effect of actuator saturation (3), an auxiliary function is introduced as follows:
where k δ u > 0 and b u > 0 are the design parameters, τ u = τ u − τ uc . Therefore, the attitude tracking controller with input saturation can be written as
Consider the Lyapunov function candidate function
Taking the time derivative of V ua along (2),(50), (53) and (55), we havė
Substituting (52) and (56) into (58), we havė
On the basis of Young's inequality, we havẽ
Substituting (60)-(64) into (59), we havė
The result in (65) will be used for the stability analysis of the whole control system in Section V.
V. STABILITY ANALYSIS
Theorem 2: For the underactuated MSV (1) and (2) with the unknown time-varying sideslip angle, actuator saturation, error constraint and unknown compound disturbances under the Assumption 1, 2 and 3, taking the parameter update law (20) , guidance law (21), the attitude tracking controller (39) with the disturbance observer (35), the velocity tracking controller (56) with the disturbance observer (52), and auxiliary system (38), (55), the path following control objective is accomplished by selecting the proper design
Proof: Consider the complete Lyapunov function candidate
In virtue of (15), (27), (49) and (65), the derivative of V iṡ
Solving the inequality (67) yields
It is obvious that V is uniformly ultimately bounded from (68), which implies that the barrier Lapunov is also bounded.
Substituting (16) into (68), we can obtain
Solving the above inequality leads to
Hence, based on
, it is obvious that |x e | ≤ k x and |y e | ≤ k y for ∀t > 0. This further demonstrates that the tracking error constraint requirements are not violated. It is clear that the tracking error can converge into a small neighborhood around zero through increasing ρ or decreasing C, and the design parame-
should be chosen exactly to get a compromise between better tracking performance and the saturation constraint requirement that is still not violated. Furthermore, according to (66), all closed-loop states are also bounded. The theorem 2 has been proved.
VI. SIMULATIONS STUDIES AND COMPARISONS
Simulation results and comparisons are performed in this section to demonstrate the validity of control scheme proposed in this paper. The nominal physical parameters are given as follows [26] .
The compound disturbances are assumed as follows: In order to better exhibit the effectiveness of the proposed ECS-LOS guidance law, the comparative studies with the LOS guidance law adopting the standard Lyapunov function method with the same parameters. The time-varying Lyapunov function (16) is replaced by V 2 = 1 2 x 2 e + 1 2 y 2 e , the corresponding parameter update law and desired yaw angle can be expressed by, respectively, as following:
where k s is the positive constant and chosen as k s = 0.5. The actuator constraint (3) is also removed. The remaining equations are identical with the proposed approach.
The simulation results are depicted using different colors in Figure 3∼ Figure 10 . It is shown that the proposed ECS-LOS method in this paper can derive the vehicle tracking the desired path with a high precision compared to standard LOS method in Figure 3 . As shown in Figure 4 , the along-error x e does not exceed the predefined constraint for the two methods. In addition, the cross-error y e remains within constraint via the proposed ECS-LOS method yet LOS method fails to achieve this effect. The cross-error y e exceeds the predefined constraint at about 56s-64s via LOS method. Figure 5 and Figure 6 show the performance of yaw angle and velocities of MSV, and the actual surge velocity and yaw angle can track corresponding reference signals generated by the ECS-LOS guidance law. From Figure 7 , we can see that the proposed guidance law can provide the ideal estimation for the time-varying sideslip angle. The comparison between the actuator saturation compensation and without saturation constraint for the control input is depicted in Figure 8 and Figure 9 . The control force exceeds the upper limit of actuator in Figure 8 and the moment exceeds the lower limit of actuator in Figure 9 via the traditional method without saturation constraint, but the control input via the proposed control method in this paper can ensure the normal execution of actuator within limits. It is demonstrated in Figure 10 that the proposed disturbance observers provide good performance in estimating the compound disturbances. Therefore, from the simulation results, it is seen that the ECS-LOS guidance law can estimate the time-varying sideslip angle and limit the cross-error and along-error of path, and the robust nonlinear path following controller has ability of good robustness against the unknown compound disturbances including external environment disturbance and model uncertainties.
VII. CONCLUSION
In this paper, the robust nonlinear path following controller based on the ECS-LOS guidance law has been designed for MSV exposed to unknown time-varying sideslip, actuator saturation, error constraint and the unknown compound disturbances including external environment disturbance and model uncertainties. It is the first time to take into account the problem of time-varying sideslip and error constraint for the guidance law of path following issue. The proposed ECS-LOS guidance law can compensate the unknown time-varying sideslip angle and limit the tracking errors simultaneously. Then the attitude tracking controller and velocity tracking controller have been designed via the DSC technique. The unknown compound disturbances are estimated and compensated by the disturbance observer. It has been certified that the proposed robust nonlinear path following control scheme can drive the vessel tracking the desired path at a desired constant surge velocity, and at the same time, tracking errors can converge into a small neighborhood around zero and the constraint requirements on the vessel position are not violated. Furthermore, it has been proved that all states in the closed-loop control system are uniformly ultimately bounded by Lyapunov function. Eventually, simulation studies and comparisons have indicated the availability of the proposed control approach. In the future, the full state constraint problem for MSV' path following control design will be considered. All the states in the system are required to be constrained in a compact set. In contrast to output constraint issue, full state constraint issue is more difficult to be stabilized and the design procedures are more complicated. 
